Abstract. We point out that if the fundamental group of a closed manifold M with positive isotropic curvature is virtually free, then the i-th Betti number of M is zero for 2 ≤ i ≤ n − 2.
Introduction
Let (M, g) be a closed orientable Riemannian manifold with positive isotropic curvature. By [6] , if M is simply-connected then M is homeomorphic to a sphere of the same dimension. The main conjecture regarding the fundamental group is Conjecture I: π 1 (M ) is virtually free, i.e., it is a finite extension of a free group.
This conjecture appears to have been independently made by M. Gromov in [3] (Section 3, (b)) and A. Fraser in [2] .
In a seemingly different direction, M. Micallef and M. Wang made the following conjecture in [5] :
In this note, we observe that an affirmative answer to Conjecture I implies an affirmative answer to Conjecture II. This implication is probably known to experts but it does not seem to be present in the literature.
The main result we need is the following theorem of Hopf ( [4] and [1] , Theorem 5.2, Page 41). Unless denoted otherwise, all homology groups are with coefficients in Z.
Now let M be a closed manifold with positive isotropic curvature such that π 1 (M ) is virtually free. There is a finite cover p : N → M such that π 1 (N ) is free. Suppose that b k (M ) = 0 for some k. The injectivity of the induced maps on cohomology p * :
for all i ≥ 2 implies that b k (N ) = 0. Hence it is enough to prove that b k (N ) = 0 for 2 ≤ k ≤ n − 2.
SIDDARTHA GADGIL AND HARISH SESHADRI
Apply the above proposition to Y = N . We have π i (N ) = 0 for 2 ≤ i ≤ [ n 2 ] by [6] since N has positive isotropic curvature for the pull-back metric. Moreover H k (π) = {0} for k = 2, 3, ... since π is a free group. By the proposition H i (N ) = 0 for 2 ≤ i ≤ [ 
